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Abstracf: In this paper we study the flat maps from a finile graph G to a Euclidean space I? that were recentlq 
defined and studied in [4]. We define the vertex dimension of a finite graph and give some necessary conditions 
for a polygonal map to be flat. As a result we show that the vertex dimension of the complete graph on 21 
vertices equals I. 
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1. Introduction 
The total curvature of graphs in Euclidean spaces is defined and studied by K. Taniyama in [4]. 
He characterized the polygonal maps from a finite graph G to a Euclidean space E” with minimal 
total curvature for G the closed interval, the circle, the complete bipartite graph K,,+, the theta 
curve graph O,,, and the wheel graph IV,. The case that G is homeomorphic to a circle is the piece- 
wise linear version of the generalized Fenchel theorem ([2,1,3] etc. The origina Fenchel theo- 
rem in [2] says that the total curvature of a closed curve of class C’ in E” is bigger than or equal 
to 2n and the equality holds only for plane convex curves. K. Borsuk extended this result to E” 
J. Milnor generalized the definition of the total curvature to be applicable to any closed curve 
in E” Using this new definition, Milnor proved E” version of Fenchel theorem for any closed 
curve. For a closed polygon, the result is [4, Theorem 1.71.). In this paper, we will investigate the 
case that G is the complete graph on even vertices KZI by observing local behavior of the polyg- 
onal maps with minimal total curvature. Below we give the main results of this paper, that will 
be proved in Section 2, and introduce some terminology necessary to describe them. Throughoui 
this paper we regard a graph as a topological space (in fact, a l-dimensional CW-complex) and 
consider only finite graphs. We use the terminology and notation consistent with [4], including, 
the followings: apolygonal map, the Einear subdivision with respect o a polygonal map, the totar 
cllrvature of a polygonal map f (denoted by t(f)), the set A f for a polygonal map f , the curva- 
ture index of a graph G (denoted by K(G)), aflat map and so on. We will use theorems from [4] 
without restating them, but will give the reference each time as, for example, [4, Theorem 1.101. 
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We now introduce some notation. Let G be a graph. Let V(G) (resp. E(G)) be the set of 
the vertices (resp. edges) of G. If A is a subset of V(G), then G[A] denotes the subgraph of G 
induced by A, i.e., V(G[A]) = A and E(G[A]) = {e E E(G) / both ends of e (which may be 
the same) are in A}. We say that a vertex w E V(G) is adjacent to u E V(G) (that possibly 
coincide with w) if there exists an edge of G whose end vertices are w and v. We denote by 
adj(v, G) the set of the vertices of G adjacent to v E V(G). A graph G is called simple if 
G has no loops and multiple edges. The complete bipartite graph on vertices WI, ~2, . . . , w[ 
andvi,v2,..., U, is the simple graph G such that V(G) = {WI, wz, . . . , wt, 211,112, . . . , v,} 
and adj(wi, G) = {vi, ~2, . . . , v,} for i = 1,2, . . . , I and adj(vj, G) = {WI, ~2,. . . , wl} for 
j = 1,2,..., m. We denote it by K t,m. The complete graph on m vertices is the simple graph 
G such that #(V(G)) = m and adj(v, G) = V(G) - {v} for all v E V(G), where “#” means 
the number of the elements. We denote it by K,,,. If w is an interior point of an edge e of a 
graph H, we can obtain the new graph K by making w a vertex so that V(K) = V(H) U {w} 
and E(K) = E(H) U {el , ez} - {e}, where ei is the closure in H of a connected component 
of e - w for i = 1,2. A subdivision of G is a graph obtained by repeating the above process, 
starting from G, finitely many times. Let r(G) be the set of the graphs obtained by subdividing 
G and Id = r(G) U {G}. By H x K we mean that K equals H or K is a subdivision of H 
for H, K E ro. Then ro is a directed set. The degree of v E V(G), denoted by deg(v), is the 
limit of the directed sequence of integers {#(adj(v, H))}uErC in R. We note that if H E ro has 
no loops and multiple edges incident to v, deg(v) = #(adj(v, K)) for all K > H. 
Let f : G -+ E” be a polygonal map, G’ a subdivision of G that is linear with respect to 
f, and u a vertex of G’. Hereafter in this paper we suppose that a subdivision G’ is always 
chosen to be sufficiently fine so that G’[adj(v, G’) U {v}] may be isomorphic to Kl,, for each 
u where m = deg(v) = #(adj(v, G’)). Let U be a subset of V(G’)(> V(G)). We denote by 
Span(f, v, U) the affine subspace of En that contains f(v) and whose underlying vector space is 
spannedbythesetofvectors {f(vi)--f(v) 1 vi E U}.ItisclearthatSpan(f, v, V(G)-{v}) = 
Span(f, w, V(G) - {w}) for any vertices u and w of G and this is the minimal affine subspace 
of En that contains f (V(G)). We call the dimension of this aftine space the vertex dimension 
of a polygonal map f : G + E”, and denote it by dim(f, V(G)). The vertex dimension of G, 
denoted by Verdim(G), is defined by 
Verdim(G) = max (dim(f, V(G)) 1 f ’ G + E” is a flat map’), 
n is a natural number 
We have the following results about local behavior of a flat map. 
Lemma 1.1. Ifapolygonal map f : G + E” isjut, then 
degW 
dimSpan(f, u, adj(v, G’)) < 2 + 1 [ 1 
for v E V(G’). Here “ [a] ” denotes Gauss’ symbol, namely, [r-l equals the maximal integer z 
such that z < r for a real number r. 
If deg( v) is odd, we get further information. 
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Lemma 1.2. Let G be a graph that has a vertex v of odd degree. Ifapolygonal map f : G .+ En 
is_ht and the mtriction .fl~y~dj(~,G~)“(~~~ : G’[adj(v, G’) U {v}] -+ E” is injective, then 
f( U 
u,~adj(u,G) 
G[{v, vi}]) c Span(f, v, adj(v, G’)). 
Accordingly, 
SPan(f, V, adj(v, G)) C Span(f, V, adj(v, G’)). 
Theorem 1.3. Let G be a graph that has a vertex v with deg(v) = 21 - 1 (1 is a positive 
integer), f : G -+ E” a polygonal map, and A the minimal afine subspace of E” that contains 
f (Utl,adj(u.G) G[{ V, Vi}]). Zf f isjat, then dim A < 1. 
As a corollary of Theorem 1.3 we have that Verdim(Ku) < 1. On the other hand we have that 
Verdim(Kzl) 3 1 because there is a flat map f : K~I -+ E” with dim( f, V(K21)) = 1 as will 
be seen in Section 2. Consequently we have the following main theorem of this paper. 
Theorem 1.4. Verdim(Ku) = 1. 
There is another “dimension” defined as follows ([4, Section 11). The dimension of a polygonal 
map f : G -+ E”, denoted by dim( f ), is the dimension of the minimal affine subspace of E” 
that contains f(G). The curvature dimension of G is defined by 
dim(G) = max{dim(f) ( f : G + E” is a flat map, n is a natural number}. 
As we mentioned at the beginning of this section, Taniyama characterised the flat maps for 
certain G. We know immediately from the results of [4] that 
Verdim(G) = dim(G) for G = I, C,, Kr.,, Kz,,,, W, 
where I is an arbitrary graph isomorphic to a closed interval, C, the circle graph on m vertices, 
W, the wheel graph having m spokes. We note here that K 2.m is a subdivision of the theta curve 
graph ~9~ (the graph on two vertices and m (3 3) edges joining them) and K4 2~ W,. But we 
have that dim(K,) > Verdim(K,) for m 3 6. We will construct a flat map f : K,, -+ E” 
with dim( f, V (K,,)) = 1 for each m in Section 2, that will show 
dim(Kzl), dim(Kv_1) 3 1 + il(l - 1) for 1 = 2. 3,4,. . . . 
In the next section we prove the preceding results. 
2. Proofs of results 
Proof of Lemma 1.1. We set adj(v, G’) = (VI,. . . , v,} and k = dimSpan(f, v, adj(v, G’)) 
(We note that m = deg(v) because we supposed G’ was sufficiently fine so that G’[adj (v, G’) CJ 
(v}] might be isomorphic to KI,,). Reordering subscripts if necessary, we can take k vectors 
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that compose a basis of the underlying vector space of Span( f, u, adj (v, G’)). Then there exists 
a unit vector u E S”-’ - Af such that (f(ui) - f(v)) . u > 0 for all i < k, and we have 
{VI, . . * 1 ukl c adj(v, G’, pu o f, +) = {v’ E adj(u, G’) I pu o f(u’) > ptl o f(u)}. Therefore 
#(WV, G’, p,, 0 f, +>> - #(adj(u, G', pu o f, -)) 3 k - (m - k). 
We get k - (m - k) 6 2 from [4, Lemma 3.11, that completes the proof. 0 
Recall from [4, Section 11 the definition of locally Jutness together with [4, Lemma 1.9 and 
Theorem 1. lo], that is of essential importance for the following proofs. 
Lemma 2.1. Let G be a graph and v a vertex of G such that deg(v) is odd. If f : G + En is 
a flat map, then f is 1ocallyJlat at v. 
Proof. By [4, Proposition 1.3 and Lemma 3. l] it is clear that 
I#(adj(v, G’, pu 0 f, +)I - #(ad_i(u, G', pu 0 f, ->)I = 1 
for all u E S-’ - Af. Therefore we get the conclusion immediately from [4, Proposition 1.3 
and Theorem 1. lo]. 0 
Proof of Lemma 1.2. First we restrict ourselves to the case that G has no loops or multiple 
edges incident to U. Let adj(u, G) = {VI,. . . , VZ~_I} and adj(u, G’) = (~‘1, . . . , u’~~_l} where 
each subscript i is given so that zl’i E G[{ u, vi}], and 21- 1 = deg(v). We give an orientation of 
the polygonal line f (G [ { u, vi}]) for each i as illustrated in the right figure of Figure 2.1. For any 
edge e E E(G’) such that e c G[{v, Vi}] as topological subspaces of G, let f(e)” and f(e) I 
be the end points of f(e) so that the orientation of the vector f(e), - f(e)0 may correspond 
to that of f(G[{v, Vi}]) (cf. Figure 2.1). Moreover we denote by Span,(f, II, adj(u, G’)) the 
underlying vector space of the affine space Span(,f, II, adj (v, G’)). 
/ 
e f 
/ 
the subdivision of 
V G[{v, Vi}] that is a 
subgraph of G’ 
Figure 2. I 
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By Lemma 2.1, f is locally flat at v. Therefore by [4, Theorem 1.10 and Lemma 4.21, 
reordering subscripts if necessary, we may assume that there exist a (possibly empty) subset 
with an even number of elements X = (II{, u;, . . . , vik_, , v&j c adj (v, G’) (where k < 1 - 1) 
and a plane P c E" such that 
( 1) f maps G[ (v, vij_, , vij}] homeomorphically onto a line segment for 1 < j < k; 
(2) f does not map G[( v, v,;, vi}] homeomorphically onto a line segment for any v, , u, E 
adj(v, G’) - X; 
(3) f(G’[{v} U adj(v, G’) - Xl) c P; 
(4) the restriction flC’l(v)“adj(“,c’)-X] : G’[(v} U adj(v, G’) - X] --+ P is flat (i.e., satisfies the 
condition [4, Lemma 1.9(2)]). 
Suppose that there exists a vertex vi,, E adj(v, G) such that f(vi,,) 4 Span(f, v, adj(u, G’)). 
Then there is an edge e E E (G') such that 
e c G[lv, ~“11, 
f(e)0 E Span(.f, v,adj(v, G')), 
f(e>~ $ sp-4.L 21, adj(v, G')). 
(If the subdivision G’ is minimum to be linear with respect to f, f(e)0 = f(vio) by the 
fact that dim(f lY) < 2 for a flat map f : G -+ E” and y E E(G), cf. [4, Section 11.) 
Let V be the orthogonal complement of Spana(f, v, adj(v, G’)) in E". We take u. E V 
such that (f(e)] - f(e)o) . uo -C 0. Because f]orIadj(“,o’)U(U)) is injective we can take uI E 
Span,(f, v, adj(v, G’)) such that 
(f(v;C,) - f(v)) . u1 > 0, 
#(I( E adj(v, G’) I (f(vi) - f(v)). u1 > 0) 
= 1 +#(vi E adj(v, G’) I (f<vi) - f(v)). uI -C 0) 
in the following way. 
Case 1. f(v~,,> E P. If f(G[(v, vij_,, vij}]) is not orthogonal to P for any pair(vij_, , vi,) 
of X, it is easy to take u 1 parallel to P and satisfying the above condition. Otherwise, we only 
need slight perturbation of this u ,. 
Case 2. f(t$,> 4 P. First take u’, such that u’, is parallel to P and #(vi E adj(v, G’) - X I 
(f(v:) - f(v)) . u', > 0) = 1 + #(vi E adj(v, G’) - X ] (f(v() - f(v)) . u’, -C 0}, next take 
u;, E Span,,(f, v, adj(v, G’)) such that ~6 is orthogonal to P and (f(vj,) - f(u)) . ub > 0, then 
set u I = ub + EU’, (where E > 0 is a sufficiently small real number). 
Let 6 > 0 be a sufficiently small real number and set U = (u. + Gul)/l]uo + au, 11. After 
small perturbation of U if necessary, we get a unit vector u E S”-’ - A f that satisfies 
PU(f(e)l) < PU 0 f(v) < pU 0 f(v(J 6 pU(f(e)O), 
#iv: E adj(v, G’) I pu 0 f(v) < pu 0 .f(ui)l 
= 1 +#{vi E adj(v, G’) ( pu o f(vi) < pu o f(u)}. 
Then we find a polygonal map g : G + E’ such that t(g) = t(pu o f) - n, that is obtained 
from pu 0 f as follows: 
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Let w E V(G’) be the end vertex of e such that f(w) = f(e) 1. Let H be the subgraph 
of G’ that is the path in G[{ u, vi,}] combining u with w. Define g so that gl~ may map H 
homeomorphically onto p,(f(v))P,(f(e)l) and giG-H = pu 0 fiG-H. 
Thus p,, o f is not flat. This is a contradiction. Therefore f(vi) E Span(f, u, adj(v, G’)) for 
all ui E adj(u, G). Moreover this argument shows 
f(G[{u, vi}]) C Span(f, U, adj(v, G’)) for all Ui E adj(u, G). 
Now we get the conclusion in the case that G has no loops and multiple edges incident to u. 
The other cases are proved similarly, i.e., the existance of e E E(G’) such that e c G[{u, Vi}] for 
some vi E adj(v, G) and f(e) is not included in Span(f, u, adj(v, G’)) causes a contradiction. 
0 
Proof of Theorem 1.3. We restrict ourselves to the case that G has no loops and multiple 
edges incident to u. The other cases will be clear after the argument of this case. Let G’ be a 
subdivision of G that is linear with respect to f. The situation that deg(v) = 22 - 1 and f is 
flat allows us to start with just the same setting as in the proof of Lemma 1.2 and suppose that 
the condition written in there is satisfied. 
If#(adj(u, G’) - X) 3 3, we know that f( Uu;E&j(v,G) Glib, vi}]) C Spamf, 21% adj(u, G’)) 
in the same way as we did in the proof of Lemma 1.2, even though flG’[adj(u,G’)“{vJ] : 
G’[adj(v, G’)U{v}] + E” is not injective. So we have dim A < dim Span(f, u, adj(u, G’)) 6 1 
by Lemma 1.1. 
It remains to prove the case that flGf[adj(u,Gl)“(“)] : G’[adj(v, G’) U {II}] + E” is not in- 
jective and #(adj(v, G’) - X) = 1. In this case, we may suppose that there is a (possibly 
empty) subset X’ = {u&_, , I&, , . . . , I&_~, I&~,) C X = adj(u, G’) - {vi,_,} such that 
f(G’[X’ U {II}]) c L c P where t is the line that contains the line segment f(n)f(&,). 
If vi E adj(v, G’) - X’ or (f(ui) - f(v)) . (f(vi,_,) - f(v)) > 0, there is a vector 
~1 E Span,(f, u, adj(v, G’)) such that (f(vi) - f(v)) . ~1 > 0 and #{ui E adj(v, G’) I 
cUu;> - f(u)) . ~1 > 0} = 1 + #{vi E adj(v, G’) I (f(vj) - f(v)). u1 < O}. Then we have 
f(GlIn, vH> c SparU 21, adj (u, G’)) (cf. proof of Lemma 1.2). If ni is an element of X’ and 
(f(4 - f(u)) . UN_1) - f(v)> < 0, th ere cannot be such a vector u I as mentioned above. 
Then f(G[(v, u,}]) can stick out of Span(f, u, adj(u, G’)). Thus we have 
dim A < dimSpan(f, u, adj(v, G’)) + p. 
(Note that p = (#X’)/2 and dim A equals the dimension of the minimal affine subspace of E” 
that contains Span(f, u, adj(u, G’)) U Span(f, u, adj(u, G)).) 
But it is clear that dim Span(f, u, adj (u, G’)) < 1 - p. Therefore we have dim A 6 
(2 - p) + p = 1. cl 
Corollary 2.2. Verdim(Kv) < 1. 
Proof. This is clear from the fact that V(K21) - {u} = adj(u, X21) and deg(u) = 21 - 1 for 
arbitrary u E V(K21). 0 
Vertex dimension of complete graphs 169 
Example 2.3. Let {ur, uz, . . . , u/J be the orthonormal basis of E’ and Kz, the complete graph 
on 21 vertices at, ~12, . . . , al, b, , b2, . . . , bl. Let ,f : KZI + E’ be a polygonal map with the 
following properties: 
(1) f lr is injective for each e E E(K2,); 
(2) f(q) = ui as vectors of E’ for i = 1,2, . . . ,l; 
(3) f(b;) = -u; for i = 1, . . . , 1; 
__~_ 
(4) f(K21 [{a;, bi}]) is the line segment f(a,)f(bi) for i = 1, . . . , 1; 
(5) f(K2/ tIu;,a,;, b;, bjll) = f(K21 [{ui, h)]) U f(K2/t{u,, bjJ1) U S for 1 < i < j < f. 
where S is the square in the plane IRUi @ IRuj whose each side is parallel to Ui or U,j and contains 
just one element of {f(u;), f(aj), f(bi), f(bj)} (See Figure 2.2). 
RUj 
t 
f @iI 
f (a,) 
0 
f (4) 
- IRU; 
1 f @,I 
Figure 2.2 
By direct computation we have 
*(f>=2nx (;)+(2(++(I-l)+ x21=(21”-3PfI)n 
= n~(K2,) (cf. [4, Example 3.41). 
Therefore f is flat. Clearly dim(f, V(&)) = I, so we have Verdim(Kll) >, 1. 0 
Now we have Theorem 1.4 by Corollary 2.2 and Example 2.3. 
The following example shows that 
dim(Kv), dim(K2,_t) > 1 + $Z(Z - 1) for I = 2,3,4, . . . . 
Example 2.4. Let K~I be the complete graph on 21 vertices aa, a I , . . . , a/_ I, bo, 6, , . . . . b,_ I . 
We denote by ai bj the subgraph K21[ {ai, bj }] and also the only edge of it. The subgraphs aia j 
and b; bj are similarly defined. Let n be a sufficiently large natural number and {u ,, . . . , u,} the 
orthonormal basis of E”. Let f : KU + E” be a polygonal map with the following properties: 
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(1) fle is injective for each edge e E E(K21); 
(2) f(V(K21)) is included in the line E&i and f(al_i) < f(~r_~) < . . . < f(ao) < 0 < 
f(bo) < .-. < f(bl_1) in lR 2 Rui; 
(3) f(aiaj) is the line segment f(ai)f(aj) in RU 1; 
(4) f(bibi) is the line segment f(bi)f(bj) in Rui; 
(5) If i + j < 1, f(Uibj) is the line segment f(u;)f(bj) in Rui; 
(6) If i + j 2 I, f(aibj) is the polygonal line segment in the plane Iwui @ Ru,, where 
t = l+C~~~k+(Z-j),suchthatf(aibj)Uf(ai)f(bj) is a convex polygon and f (K;, [{Ui} U 
adj(ai, Ki,)]) C RUI and f(K;, [{bj} U adj(bj, Ki,)]) C Iwul as illustrated in Figure 2.3. 
It is clear that t(f) = t(p,, o f). We know immediately that the number of local minima 
(resp. local maxima) of pu, o .f in the edges of K2l incident to ai (resp. bi) equals i , 
#@(ai, K;,, pu, 0 f, +) = I, #@(ai, K&, pit, 0 f, -) = 1 - 1, 
#adj(h, K&, pu, 0 f, +) = 1 - 1, #adj(h, K$, pul 0 f, -) = I 
fori =O, l,... ,I - 1. We have t(pu, o f) = (2Z3 - 3Z2 + Z)n and therefore pu, o f and f 
are flat (cf.[4, Example 3.41). Clearly dim(f, V(K21)) = 1 and dim(f) = 1 + $+Z(Z - 1). 
Similarly we obtain a flat map g : K2[+i -+ E” such that dim(g, V(K2l+i)) = 1 and 
dim(g) = 1 + iZ(Z + 1). Now we have that dim(K21),dim(Ku_,) > 1 + iZ(Z - 1) for 
Z=2,3,4 ,.... 0 
Figure 2.3 
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